
Section 7.7: Approximate Integration

Objective: In this lesson, you learn

� How to find approximate values of definite integrals using the Midpoint Rule and the
Trapezoidal Rule and obtain the error bounds involved.

I. Midpoint Rule and Trapezoidal Rule.

Suppose we are to find approximate values of definite integrals that are difficult to evaluate.
Since the definite integral

∫ b
a f (x) dx is defined as a limit of Riemann sums, any Riemann sum

could be used as an approximation to the integral.

If we divide [a, b] into n subintervals of equal length ∆x = b−a
n , then we have∫ b

a
f (x) dx ≈

n∑
i=1

f (x∗i ) ∆x,

where x∗i is any point in the ith subinterval [xi−1, xi].

• If x∗i is chosen to be x∗i = xi−1, the left endpoint of the interval, then∫ b

a
f (x) dx ≈ Ln =

n∑
i=1

f (xi−1) ∆x,

which is called the left-endpoint approximation.

• If x∗i is chosen to be x∗i = xi, the right endpoint of the interval, then

∫ b

a
f (x) dx ≈ Rn =

n∑
i=1

f (xi) ∆x,

which is called the right-endpoint approximation.

• If x∗i is chosen to be x∗i = x̄i = xi+xi−1
2 , the midpoint of the interval, then∫ b

a
f (x) dx ≈Mn = ∆x [f (x̄1) + f (x̄2) + · · · f (x̄n)] ,

which is called the midpoint approximation.
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II. Trapezoidal Rule.

The Trapezoidal Rule, results from averaging the left endpoint approximation and right
endpoint approximation as follows:

∫ b

a
f (x) dx = 1

2(Ln + Rn) ≈ 1
2

[
n∑

i=1
f (xi−1) ∆x +

n∑
i=1

f (xi) ∆x

]

= ∆x

2

[
n∑

i=1
(f (xi−1) + f (xi))

]

= ∆x

2 [(f (x0) + f (x1)) + (f (x1) + f (x2)) + · · · (f (xn−1) + f (xn))]

= ∆x

2 [f (x0) + 2f (x1) + 2f (x2) + · · ·+ 2f (xn−1) + f (xn)] .

The reason for the name Trapezoidal Rule is that the area of the trapezoid whose area on each
interval represents the average of the left-and right-endpoint approximations is

∆x

2 [f (xi−1) + f (xi)] .

Error Bounds for Midpoint Rule and Trapezoidal Rule.

The error bounds of the Midpoint Rule and Trapezoidal Rule are as follows. (The proof can be
found in books on numerical analysis.)

Suppose |f ′′ (x)| ≤ K for a ≤ x ≤ b. If ET and EM are the errors in the Trapezoidal and
Midpoint rules, then

|ET | ≤
K(b− a)3

12n2 and |EM | ≤
K(b− a)3

24n2 .
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Example 1: Consider
∫ 2

1

1
x

a. Use the Midpoint and Trapezoidal Rule with n = 4 to approximate the given integral.
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b. Give an error bound involved in these approximations.

c. How large should n be to guarantee that the both Rules approximations for the integral are
accurate to within 0.0001?
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III. Simpson’s Rule.

Another rule for approximate integration results from using parabolas rather than straight line
segments to approximate a curve. Divide [a, b] into n subintervals of equal length h = ∆x =
b−a

n and assume that n is an even number. Then on each consecutive pair of intervals, we
approximate the curve y = f (x) ≥ 0 by a parabola. A typical parabola passes through three
consecutive points Pi (xi, yi), Pi+1 (xi+1, yi+1), and Pi+2 (xi+2, yi+2), where yk = f (xk), for
k = i, i + 1, and i + 2.

For simplification, consider the case where
x0 = −h, x1 = 0, and x2 = h.

The equation of the parabola through
P0, P1, and P2 is of the form y = Ax2 + Bx + C.

So the area under the parabola from
x = −h to x = h is

∫ h

−h

(
Ax2 + Bx + C

)
dx = 2

∫ h

0

(
Ax2 + C

)
dx = 2

[
A

x3

3 + Cx

]h

0
= 2

(
A

h3

3 + Ch

)
= h

3
(
2Ah2 + 6C

)
But since the parabola passes through P0 (−h, y0), P1 (0, y1), and P2 (h, y2), we have

y0 = A(−h)2 + B (−h) + C = Ah2 −Bh + C,

y1 = C,

y2 = Ah2 + Bh + C.

So 2Ah2 + 6C = y0 + 4y1 + y2.

Thus, ∫ h

−h

(
Ax2 + Bx + C

)
dx = h

3 (y0 + 4y1 + y2) .
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Shifting this parabola horizontally will not change the area under it. That is, the parabola
through P0, P1, and P2 from x = x0 to x = x2 is still such that its area is

h

3 (y0 + 4y1 + y2) .

Similarly, the area under the parabola through P2, P3, and P4 from x = x2 to x = x4 is

h

3 (y2 + 4y3 + y4) .

So adding the areas under all the parabolas yields∫ b

a
f (x) dx ≈ h

3 (y0 + 4y1 + y2) + h

3 (y2 + 4y3 + y4) + · · ·+ h

3 (yn−2 + 4yn−1 + yn)

= h

3 (y0 + 4y1 + 2y2 + 4y3 + 2y4 + · · ·+ 2yn−2 + 4yn−1 + yn) .

Although we have derived this approximation for the case in which f (x) ≥ 0, it is a reasonable
approximation for any continuous function f .

We state this result called Simpson’s Rule:

Simpson’s Rule∫ b
a f (x) dx ≈

Sn = ∆x

3 [f (x0) + 4f (x1) + 2f (x2) + 4f (x3) + · · ·+ 2f (xn−2) + 4f (xn−1) + f (xn)] ,

where n is even and ∆x = (b− a)/n .

Error Bounds for Simpson’s Rule:

We also state without proof the error bound for Simpson’s Rule.

Suppose
∣∣∣f (4) (x)

∣∣∣ ≤ K for a ≤ x ≤ b. If ES is the error involved in using Simpson’s Rule, then

|ES | ≤
K(b− a)5

180n4 .
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Example 2: Consider
∫ 2

1

1
x

a. Use Simpson’s Rule with n = 4 to approximate the given integral.
b. Give an error bound involved in this approximation.
c. How large should n be to guarantee that the approximation for the integral is accurate to
within 0.0001?
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